
5.2 – Diagonalization

De!nition: A squarematrix𝜔 is said to be diagonalizable if it is similar to some

diagonal matrix; that is, if there exists an invertible matrix 𝜀 such that 𝜀ω1𝜔𝜀 is

diagonal. In this case, the matrix 𝜀 is said to diagonalize A.

Theorem 5.2.1 If 𝜔 is an 𝜗 ε 𝜗 matrix, then 𝜔 is diagonalizable if and only if 𝜔
has 𝜗 linearly independent eigenvectors.

#5 Find a matrix 𝜀 that diagonalizes 𝜔, and check your work by computing𝜀ω1𝜔𝜀 .𝜔 = ⌋1 06 ω1⌈

Duefric

det XI A 0 11 0
einen vector

x 1 8 88 4 0 x ̅ 9
2 1 88 X s

Notationalchange p 9 P2

Form P P Pa 9 s

p i
compute P AP d 93

d s E D

diagonalam



P AP D results in a diagonal matrix
if A is diagonalizable

Notes Diagonal entries of D AP are

eigenvalues
Columns of P are their respective
eigenvectors
The order of these is connected

Whatmakes this work
p Ap D AP PD

Here 3 o

Api AP Api Aip

Api xp API XD
Those satisfy Ax ̅ Xx ̅



#17 Compute the matrix 𝜔10 by !rst diagonalizing 𝜔.𝜔 = ⌋0 32 ω1⌈
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Theorem 5.2.3 If 𝜛 is a positive integer, 𝜚 is an eigenvalue of a matrix 𝜔, and 𝛚
is a corresponding eigenvector, then 𝜚𝜛 is an eigenvalue of 𝜔𝜛 and 𝛚 is a corre-

sponding eigenvector.

#9 Let 𝜔 = ⌉{{{}
4 0 12 3 21 0 4

⦃⦄⦄⦄⟨.
a. Find the eigenvalues of 𝜔.
b. For each eigenvalue 𝜚, !nd the rank of the matrix 𝜚𝜍 ω 𝜔.
c. Is 𝜔 diagonalizable? Justify your conclusion.

consider FIT A x ̅ Axx ̅
XAx ̅ xx X x ̅

A x ̅ 72x ̅
D
1 p

3 columns notinvertible

PIP
square

1 if o a 3 i'ital o

x 3 1 4 1 0

1287416 1

x 3 x 3 7 5 0 3 mÑ 2 5

3
1 5 18

rank X I A 2 nullity X I A
X I A x ̅ 0 Geigenspace dim

1 eigenvector



d 3 rank is 1
millay is 2

2 3 has 2 eigenvectors geom
Mutt

Total eigenvectors 71 5 12 3
1 2 3

lin indep
We have enough eigenvectors to construct

P P P P invertible

So A is diagonalizable



If 𝜚0 is an eigenvalue of an 𝜗 ε 𝜗matrix 𝜔, then the dimension of the eigenspace

corresponding to 𝜚0 is called the geometric multiplicity of 𝜚0, and the number

of times that 𝜚 ω 𝜚0 appears as a factor in the characteristic polynomial of 𝜔 is

called the algebraic multiplicity of 𝜚0.
Theorem 5.2.4 Geometric and Algebraic Multiplicity

If 𝜔 is a square matrix, then:

a) For every eigenvalue of 𝜔, the geometric multiplicity is less than or equal to

the algebraic multiplicity.

b)𝜔 is diagonalizable if and only if its characteristic polynomial can be expressed

as a product of linear factors, and the geometric multiplicity of every eigenvalue

is equal to the algebraic multiplicity.

#14 Find the geometric and algebraicmultiplicity of each eigenvalue of thematrix𝜔, and determine whether 𝜔 is diagonalizable. If 𝜔 is diagonalizable, then !nd a

matrix 𝜀 that diagonalizes 𝜔, and !nd 𝜀ω1𝜔𝜀 .
𝜔 = ⌉{{{}

5 0 01 5 00 1 5
⦃⦄⦄⦄⟨

Theorem 5.2.2

a) If 𝜚1, 𝜚2, … , 𝜚𝜛 are distinct eigenvalues of a matrix𝜔, and if 𝛆1, 𝛆2, … , 𝛆𝜛 are
corresponding eigenvectors, then {𝛆1, 𝛆2, … , 𝛆𝜛} is a linearly independent set.
b) An 𝜗 ε 𝜗matrix with 𝜗 distinct eigenvalues is diagonalizable.
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Similarity

De!nition: A transformation of the form 𝜔 ⋛ 𝜀ω1𝜔𝜀 is called a similarity

transformation.

De!nition: If 𝜔 and 𝜑 are square matrices, then we say that 𝛝 is similar to 𝛡
(or that𝜔 and 𝜑 are similarmatrices) if there is an invertible matrix 𝜀 such that𝜑 = 𝜀ω1𝜔𝜀 .
Example: Prove that if 𝜔 and 𝜑 are similar matrices, then det(𝜔) = det(𝜑).

Any property that is preserved by a similarity transformation is called a similar-

ity invariant and is said to be invariant under similarity.
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